There are many well-known correlations between dark matter and baryons that exist on galactic scales. These correlations can essentially be encompassed by a simple scaling relation between observed and baryonic accelerations, historically known as the Mass Discrepancy Acceleration Relation (MDAR). The existence of such a relation has prompted many theories that attempt to explain the correlations by invoking additional fundamental forces on baryons. The standard lore has been that a theory that reduces to the MDAR on galaxy scales but behaves like cold dark matter (CDM) on larger scales provides an excellent fit to data, since CDM is desirable on scales of clusters and above. However, this statement should be revised in light of recent results showing that a fundamental force that reproduces the MDAR is challenged by Milky Way dynamics. In this study, we test this claim on the example of Superfluid Dark Matter. We find that a standard CDM model is strongly preferred over a static superfluid profile. This is due to the fact that the superfluid model over-predicts vertical accelerations, even while reproducing galactic rotation curves. Our results establish an important criterion that any dark matter model must satisfy within the Milky Way.
There are many well-known correlations between dark matter and baryons that exist on galactic scales. These correlations can essentially be encompassed by a simple scaling relation between observed and baryonic accelerations, historically known as the Mass Discrepancy Acceleration Relation (MDAR). The existence of such a relation has prompted many theories that attempt to explain the correlations by invoking additional fundamental forces on baryons. The standard lore has been that a theory that reduces to the MDAR on galaxy scales but behaves like cold dark matter (CDM) on larger scales provides an excellent fit to data, since CDM is desirable on scales of clusters and above. However, this statement should be revised in light of recent results showing that a fundamental force that reproduces the MDAR is challenged by Milky Way dynamics. In this study, we test this claim on the example of Superfluid Dark Matter. We find that a standard CDM model is strongly preferred over a static superfluid profile. This is due to the fact that the superfluid model over-predicts vertical accelerations, even while reproducing galactic rotation curves. Our results establish an important criterion that any dark matter model must satisfy within the Milky Way.
Introduction. The existence of dark matter (DM) is well-supported by observations over many length scales. Although the hypothesis of a simple cold and collisionless dark particle is extremely successful at explaining large-scale structure evolution, observations on galactic scales suggest that DM may require more complex interactions [1, 2] . Most strikingly, observations across many galaxies point to a tight correlation between the total acceleration and the acceleration inferred from baryons alone. This correlation, historically known as the Mass Discrepancy Acceleration Relation (MDAR), suggests that accelerations are predicted solely by a galaxy's baryonic distribution, even when DM-dominated [3, 4] .
A model that explains the MDAR can also explain a variety of additional observations, including the Baryonic Tully-Fisher Relation [5] [6] [7] , the Radial Acceleration Relation [8] [9] [10] , and possibly the diversity problem [11] [12] [13] . Although these observations could be explained within the collisionless cold DM (CDM) paradigm via baryonic feedback [12, [14] [15] [16] [17] or through the introduction of DM self interactions [2, 13, 18, 19] , it is tempting to search for theories that produce the MDAR at a more fundamental level. In this work, we address precisely this class of models and demonstrate that kinematic properties of the Milky Way (MW) disk can strongly constrain such theories.
One class of models that explains the MDAR is modified Newtonian dynamics (MOND) [22] [23] [24] . However, these models struggle to explain large-scale observations [25] . Alternatively, one can write a model that retains the strengths of CDM on large scales and of MONDlike dynamics on galactic scales [26] [27] [28] [29] [30] [31] [32] [33] [34] . In this study, we will focus our discussion on the example of Superfluid DM (SFDM) [34] [35] [36] [37] . In this case, the DM is comprised of a light O(eV) scalar particle that condenses to form a superfluid core in the center of galaxies when the virial temperatures are below some threshold. Within the superfluid core, the relevant degrees of freedom are those of phonons that are coupled to baryons and mediate a longrange emergent force, thereby giving rise to the MDAR. At higher virial temperatures like those of clusters, the theory behaves as CDM.
It is commonly believed that models such as SFDM, which reproduce the MDAR on galactic scales while retaining CDM behavior on larger scales, provide an excellent fit to the data. However, this statement should be revised in light of the results of Ref. [38] . There, it was shown that, in a model where the MDAR arises from a fundamental MOND-like force, it is challenging to simultaneously explain rotation curve and vertical velocity dispersion data in the Solar vicinity. The underlying reason for this is that the MW's distribution of stars and gas contributes too little gravity to explain the rotation curve but enough to explain vertical velocity dispersions. Thus, MW data inform us that a substantial amount of acceleration enhancement is required in the radial direction although essentially none is required in the vertical direction locally.
The left panel of Fig. 1 illustrates these points for the specific case of SFDM. The arrows correspond to total accelerations predicted by the best-fit baryonic profiles found in this work together with the best-fit CDM (blue) or SFDM (red) halo model. The black arrows indicate the accelerations inferred from the data in Ref. [20, 21] . Because the phonon-mediated force dominates in the SFDM model, accelerations are too large in the direction perpendicular to the disk plane. This figure is meant to be illustrative, but it does not account for the uncertainties on the measurements. As will be discussed below, we perform a full Bayesian analysis to test the consistency of the SFDM with MW observables, marginalizing over uncertainties in the baryonic distribution as well as other model parameters. We confirm the intuition built up from Fig. 1 and demonstrate that SFDM is strongly The arrows correspond to total accelerations for the best-fit CDM (blue) or SFDM (red) model, using the baryonic profiles obtained in this study. The black arrows denote the expected accelerations as inferred from data [20, 21] . Right Panel:
The vertical velocity dispersions for the intermediate metallicity stellar tracer population from Ref. [20] as a function of height above the Galactic midplane (top), and the rotational velocity from Ref. [21] as a function of Galactocentric radius (bottom).
The colored bands denote the 68% containment region around the median value of the posterior distribution, given by the dashed black line, for the SFDM and CDM models. Although both models reproduce the rotation curve (radial acceleration), the SFDM model systematically over-predicts the vertical velocity dispersion (vertical acceleration). This tension underlines the primary reason that the SFDM model is strongly constrained by the data. Note that the vertical velocity dispersions for the metal-rich and metal-poor tracer populations of Ref. [20] are provided in Fig. B1 .
disfavored with respect to CDM because it over-predicts vertical velocity dispersions even while reproducing rotation curves. This basic tension should arise in other DM models that, like SFDM, seek to explain the MDAR by reducing down to a MOND-like force on galactic scales. Our results thus establish an important criterion that any DM model must satisfy within the MW.
Phenomenology of SFDM. The SFDM model put forward in Refs. [35, 36, 39] describes a scalar DM particle that condenses into a superfluid core inside galaxies. Phonons inside this core mediate a long-range interaction between baryons that gives rise to an emergent force corresponding to an acceleration, a ph . Thus, the total acceleration is the sum of this acceleration, the Newtonian acceleration produced by baryons only, a b , and the Newtonian acceleration produced by the SFDM core, a dm ,
As will be discussed below, the contribution of a dm is often negligible. When this is the case, the result has the following asymptotic behavior,
where a 0 is an acceleration scale that arises from parameters of the theory. This is precisely the behavior required by the MDAR.
Refs. [35, 36, 39] postulate that the Lagrangian of the low-energy effective theory takes on a specific form that induces the phonon interactions. Accounting for finitetemperature effects and assuming a static profile with vanishing fluid velocity, the Lagrangian is
where m is the mass of the SFDM particle, α is a dimensionless coupling constant, Λ is an energy scale, φ is the phonon field, ρ b is the baryon matter density, X = −mΦ − ( ∇φ) 2 /2m, M Pl is the reduced Planck mass, and Φ is the Newtonian gravitational potential. Here, β is a dimensionless constant that parametrizes finite-temperature effects; for concreteness, we consider the case β = 2, as in Ref. [36] .
1 In Eq. (3), the chemical potential of the superfluid, µ, has been implicitly included in the boundary condition on Φ; specifically, Φ(r = 0) = −µ/m.
The phonon-induced acceleration experienced by baryons, as inferred from the Lagrangian, is
The gravitational potential, Φ, and accelerations obey
The SFDM density, ρ SF , is obtained by differentiating Eq. (3) with respect to Φ,
whereā ≡ αΛm/M Pl and a 0 = α 3 Λ 2 /M Pl ; the latter is the acceleration scale required by the MDAR, i.e., by Eq. (2) . Note that the nonzero chemical potential implies a boundary condition,
assuming a ph → 0 as r → 0. The equation of motion for the phonon field, φ, now gives a field equation for a ph . Ignoring a "pure curl" term (see Appendix A) and using the Poisson equation, we get a relation between a ph and a b ,
In the limit a For this SFDM phenomenology to exist, a number of requirements must be met. Specifically, the average separation of the SFDM particles within a galaxy must be much smaller than their deBroglie wavelength. Also, the SFDM particles must interact sufficiently frequently to thermalize. In practice, these requirements translate to a superfluid phase in the inner region of a galaxy and a particle phase in the outer region. For a MW-mass galaxy where the measurable rotation curve is within the superfluid core, this requires a mass m 4 eV and selfinteraction cross section σ 2 × 10 −34 cm 2 [35, 36, 39] . The transition radius between the two regimes occurs at O(50) kpc. Note that Eqs. (5) and (8) are independent of σ and depend on m only through the parameters (ā, a 0 , ρ 0 ). As these are the only physical parameters that emerge from the model parameters (m, α, Λ, µ), our analysis holds for any value of m 4 eV.
Methodology. We perform a Bayesian likelihood analysis to test the consistency of the SFDM model with local MW observables and compare it to a model with a standard CDM halo. In each case, we determine the expected acceleration field, marginalizing over all free parameters, including those of the baryonic distribution. Comparing to MW observations, we recover the posterior distributions for the free parameters of the models. The statistical approach of this study closely follows that of Ref. [38] .
For the SFDM scenario, the total acceleration is a sum of three contributions, as summarized in Eq. (1). The baryonic acceleration, a b , is computed by assuming a density distribution for the stars and gas in the MW, which we model as a stellar bulge, stellar disk, and gas disk. The stellar bulge follows a Hernquist profile [40] with fixed scale radius of 600 pc, 2 while the stellar and gas disks each follow a double-exponential density profile. We treat the mass of the bulge, the scale length of the stellar disk, as well as the scale heights and overall normalizations of both disks as free parameters. The scale length of the gas disk is fixed to twice that of the stellar disk [42, 43] .
Given a model of the baryonic distribution, one can then use Eqs. (4)- (8) to obtain the phonon-mediated acceleration a ph , which depends on the free parameters ρ 0 ,ā, and a 0 (see Appendix A). The DM acceleration, a dm , for the SFDM model is obtained from the Poisson equation together with the solution to Eq. (6). For the CDM scenario, the acceleration is obtained assuming a spherical generalized Navarro-Frenk-White (NFW) density profile [44] , where the normalization, scale radius and inner slope are treated as free parameters.
We include several measurements of MW parameters in the likelihood to constrain the baryonic distribution. The scale length (scale height) of the stellar disk are taken to be h * ,R,obs = 2.6 ± 0.5 kpc (h * ,z,obs = 310 ± 50 pc). These values correspond to an effective disk distribution for both the thin and thick disk contributions, whose respective properties we take from Ref. [41] . Because the scale height of the gas disk is not well-measured directly, we use the local density of interstellar gas at the Galactic midplane ρ g (R 0 , 0) = 0.041 ± 0.004 M pc −3 from Ref. [45] . We also use measurements of the local stellar (j = * ) and gas (j = g) surface densities, defined as
adopting Σ 1.1 * ,obs = 31.2 ± 1.6 M pc −2 and Σ
1.1
g,obs = 12.6 ± 1.6 M pc −2 at z max = 1.1 kpc as fiducial values [45] . Measurements of the stellar bulge mass from photometry and microlensing exist but have a relatively large spread [46] , so we conservatively ignore this constraint.
The radial dynamics of the MW are constrained by its rotation curve, which has recently been well-measured between 5 and 25 kpc from the Galactic Center by Gaia [21] . We adopt the tabulated data from Ref. [21] by symmetrizing the quoted statistical errors, giving circular velocities v c,obs (R i ) at 26 different Galactocentric radii R i between 5 and 18 kpc from the Galactic Center. We conservatively exclude measurements at larger R where known systematic uncertainties may increase [21] .
The vertical dynamics of the MW are constrained by measurements of the number densities and velocity dispersions of three mono-abundance stellar populations at R = R 0 , which are provided in Ref. [20] . These results were obtained using 9000 K-dwarfs in the SEGUE subsurvey of the Sloan Digital Sky Survey (SDSS). For each population, i, number densities, n i,obs (z k ), and vertical velocity dispersions, σ z,i,obs (z k ), were obtained for several values of z k between 300 pc and 1200 pc. Following Ref. [20] , we model the number densities as
whereñ i and h i are six additional free parameters. The tracer stars are assumed to be in steady state and to be well-described by the Jeans equations. In this case, the vertical velocity dispersion is
where a z is the predicted vertical acceleration.
We constrain the parameters of each model using a Bayesian framework. The likelihood function is
where θ M is the set of free parameters of the model M = CDM, SFDM, X j,obs ± δX j,obs are the measured values and uncertainties of the observables used in this study, and X j (θ M ) are the values of the observables predicted by M. We use MultiNest [47, 48] with nlive x = 400 and with priors as given in Table B1 to recover the posterior distributions for the model parameters as well as the Bayesian evidence for each model.
Results. The main kinematic data that drive the model preference are shown in the right panel of Fig. 1 . The top panel shows the vertical velocity dispersion data for the intermediate metallicity stellar tracer population from Ref. [20] , while the bottom panel shows the MW rotation curve data from Ref. [21] . For each case, the dashed lines indicate the median of the posterior distribution for SFDM (red) and CDM (blue) models, with the colored bands representing the 68% containment.
Both the SFDM and CDM models reproduce the MW rotation curve data up to radial distances of ∼ 18 kpc. The SFDM model systematically over-predicts the rotational velocity towards the upper end of this range because the acceleration from the cored DM halo becomes comparable to the phonon acceleration. The primary discrepancy between the kinematic predictions of the SFDM and CDM models is due to the vertical velocity dispersions near the Solar position. The SFDM model clearly over-predicts measured dispersions. The dominant contribution to the vertical acceleration for the CDM model comes from baryons, with only a subdominant contribution from the spherical DM halo (see Fig. B2 ). In ) are provided for the SFDM (red) and CDM (blue) models. The measured values of each of these observables [41, 45] are indicated by the black points/lines along with their associated 1σ uncertainty. The correlations for each pair of parameters are shown with the 68% and 95% regions of posterior probability indicated. In general, the CDM halo results in a baryonic distribution that is more consistent with the MW observations. The midplane gas density (ρg(R0, 0)), which is accurately reproduced by both the SFDM and CDM models, is not shown here.
contrast, for the SFDM model, the phonon contribution dominates over the baryons even in the vertical direction. This results from the fact that the phonon-mediated force is parallel to the baryon-only gravitational force. Fig. 2 shows the posterior distributions for several baryonic profile parameters for the SFDM (red) and CDM (blue) models. Except for the midplane gas density, which both models accurately reproduce, there is typically a discrepancy between the SFDM model and the measured stellar and gas disk parameters. The distributions for the CDM model are nicely consistent with the observed values, indicated by the black points/lines in the figure. Relative to the CDM case, however, the SFDM model under-predicts the stellar scale length h * ,R , as well as the stellar and gas surface densities, Σ 1.1 * and Σ
g , and over-predicts the stellar scale height, h * ,z . These differences are driven by the fact that the SFDM scenario leads to vertical accelerations that are too large compared to observations, and thus the fitting procedure adjusts the baryonic profile as much as possible to reduce them.
We find that the CDM model is decisively preferred over the SFDM model with a Bayes factor (BF) of ln BF ≈ 32. We have verified that the BF is not dependent on small changes in our choice of priors and is driven primarily by the maximum likelihood of each model.
We have performed the following additional tests of our analysis: (1) repeating the likelihood analysis using each mono-abundance population from Ref. [20] on its own, discarding the other two and (2) repeating the analysis for all three tracer populations, but with uncertainties on the velocity dispersion and number density measurements artificially increased by a factor of two. The latter test addresses the concern that the Jeans analysis might be altered by the observed disequilibrium of disk stars [49] [50] [51] [52] [53] . In both cases we find that the Bayes factor decreases but is always ln BF 12 and therefore does not change the qualitative conclusion that the CDM model is strongly preferred over the SFDM model.
The corner plots for the CDM and SFDM model parameters are provided in Fig. B3 . The preferred range of SFDM model parameters results in a minimum halo mass that is 10 9 M (see Fig. B4 ) and thus is in tension with observations of ultra-faint dwarf satellites.
Conclusions. In this Letter, we have shown that a standard spherical CDM halo is strongly preferred over an SFDM model with ln BF ≈ 32. This is due to the fact that the emergent baryonic force is approximately parallel to the gravitational force from baryons only in the SFDM scenario. This typically enhances the vertical acceleration beyond what is consistent with stellar data near the Solar vicinity. In addition, the necessity of reducing the predicted vertical accelerations drives the likelihood fit to baryonic distributions that are clearly inconsistent with observations of the stellar and gas disk distributions.
To explain both large-scale dynamics as well as the MDAR, there has been substantial motivation to write down models that behave as particle DM on large scales, but result in a long-range force between baryons on smaller scales, mimicking the phenomenology of MOND [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . SFDM is a representative example of this broader class of theories. Importantly, our results establish a criterion for any DM model, especially one that purports to reproduce the MDAR. Namely, the enhancement in the vertical acceleration must be suppressed compared to that in the radial direction. Otherwise, the model will either over-predict vertical accelerations, under-predict radial accelerations, and/or be inconsistent with measurements of the baryonic profile. We therefore see that the local dynamics of the MW disk can provide relevant constraints on the fundamental properties of DM.
Acknowledgements. We thank J. Khoury The equation of motion for the phonon field is not strictly Eq. (8), but rather
Using the Poisson equation for baryons only,
one recovers Eq. (8) under the assumption that there is no "pure curl" term which vanishes under the divergence operator. Assuming this to be a good approximation (this will be justified below) one can solve for the predictions of the SFDM model. Specifically, the Poisson equation, Eq. (5), and the phonon equation, Eq. (8), must be simultaneously evaluated. These constitute a set of coupled, multi-dimensional, non-linear, partial differential equations. For computational tractability, we follow Ref. [36] and adopt a slight variation of their algorithm to obtain an approximate superfluid solution. For a set of specified model parameters as well as specified ρ b , a b , we proceed as follows:
1. We integrate Eq. (A1) and ignore the "pure curl" term, giving Eq. (8).
2. We algebraically solve Eq. (8) for a ph in terms of Φ and a b .
3. We substitute the algebraic solution for a 5. We use the sphericalρ b andΦ to obtain a solution for the SFDM density profile ρ SF via Eq. (6).
6. We plug the result for ρ SF and the full cylindrical ρ b back into Eq. (5) to obtain a better approximation for Φ (a step that was not previously done in Ref. [36] ). The solutions for a dm and a b are found using this equation as well.
The quasi-spherical approximation used in this procedure is reasonable because slight variations in ρ SF have negligible effects on the total acceleration.
Neglecting the pure curl term
It remains for us to justify the approximation of a negligible "pure curl" term. Without any approximations, Eq. (8) should take the form,
where S is a divergenceless vector field, i.e., a "pure curl" term. Previously, Ref. [60] showed that in cases when the magnitude of the baryonic acceleration is dictated by the baryonic potential, i.e., a b ( r) = a b (Φ( r)), then S = 0 and Eq. (A1) reduces exactly to Eq. (8) . However, for a general baryonic profile this need not be precisely correct.
In order to evaluate the accuracy of the assumption S = 0, we have numerically solved Eq. (A1). We rewrite Eq. (A1) in the following form,
with the definitions,
This equation is then solved using a trivial generalization of the grid relaxation algorithm presented in Ref. [61] . Since the algorithm is computationally demanding, it is not feasible to run a scan where we solve the exact equation for every point in parameter space. For this reason, we have performed the SFDM scan following steps (1)- (6) of Sec. A 1, and then solving the exact equation (A4) for the best-fit parameters in order to verify that S is negligible in the region relevant for our study. We compare the exact and approximate solutions in the region of the MW relevant for this study, namely, close to the midplane between 5 R 20 kpc and in the vertical direction around the Solar position between 0.3 |z| 1.5 kpc. In this region, we find that
for both radial and vertical components, i = R, z. Here, a approx i is the result for the acceleration obtained from the procedure outlined in Sec. A 1, and a exact i is obtained from the solution to Eq. (A1) with the same model parameters. We also verify that the derived vector field, S, is indeed divergenceless.
Appendix B: Supplementary Figures
This section provides several supplementary figures that are referenced in the main body of the Letter. Each figure is discussed in detail in its associated caption. (6) and (7). The CDM model parameters correspond to the NFW profile ρDM =ρDM(r/rs) −γ (1 + r/rs) γ−3 , where γ is the inner slope, rs is the scale radius, andρDM is the overall normalization. The parametersñi and hi model the number density of the stellar tracer populations used in this study, as defined in Eq. (10) . The stellar and gas disks are modeled by double-exponential density profiles ρ j,disk =ρj exp (−R/hj,R − |z|/hj,z), where hj,R (hj,z) is the scale length (height),ρj is the overall normalization, and the subscript j = * (g) corresponds to the stellar (gas) disk. The stellar bulge is modeled by a Hernquist density profile ρ * ,bulge = (M * ,bulge /2π) (r/r * ,bulge ) −1 (r + r * ,bulge ) −3 , where M * ,bulge is the mass and r * ,bulge is the scale radius of the stellar bulge. The model parameters that are considered free parameters in this study are shown with their associated prior range, where [a, b] denotes a flat prior between a and b. The parameters hg,R and r * ,bulge are not independent parameters in this study; specifically, hg,R is fixed to be 2h * ,R and r * ,bulge is held fixed at 0.6 kpc. The SEGUE data, indicated by the black points, are taken from Ref. [20] . The marginalized posterior distributions for the CDM (blue) and SFDM (red) models are also shown. For each, the black dashed line corresponds to the median of the distribution, while the band is the 68% containment region. The SFDM model consistently over-predicts the vertical velocity dispersion for each tracer population. This discrepancy is the primary driver for the significant tension we find for SFDM. In each case, the total acceleration is shown in gray, and the contributions from the DM halo and baryons are shown in purple and green, respectively. For the SFDM model, the orange band corresponds to the phonon-induced acceleration. The colored bands represent 68% containment around the median value of the posterior distribution, given by the dashed black lines. Top row: Radial accelerations as a function of Galactocentric radius, R. The original rotational velocity data and the associated uncertainties used in the likelihood (from Ref. [21] ) are given by black data points and corresponding error bars. In the radial direction, the phonon-mediated force contributes a dominant O(1) fraction in the SFDM model. Because of the large constant-density superfluid core in the SFDM model, the gravitational acceleration from DM increases linearly with radius and begins to dominate even over the contribution from phonons at large radii. Bottom row: Vertical accelerations as a function of height above the Galactic midplane, z. In the vertical direction, the phonon-mediated force contributes a dominant O(1) fraction in the SFDM model. Since the phonon-mediated force enhances the vertical acceleration by the same factor as the radial acceleration, the SFDM model is unable to simultaneously reproduce the correct radial and vertical accelerations. In particular, because the SFDM model correctly fits the rotation curve, it over-predicts the vertical acceleration.
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